Polygons as Near Circles

IN ALL THE TALK ABOUT

LENGTH AND AREA IN THIS ?
BOOK, WE'VE NEVER MEN-

TIONED CIRCLES. WHAT'S

THE LENGTH OF AN ARC?

THE QUESTION REMAINS UNANSWERED BECAUSE THE RULER POSTULATE APPLIES ONLY
TO STRAIGHT LINES. OUR RULERS ARE 5TRAIGHT AND RIGID, NOT FLOPPY LIKE TAPE
MEASURES. TO US, THE LENGTH OF A CURVE HAS NO MEANING—YET.

COULDN'T WE
ROLL IT AND
MEASURE THE
DISTANCE?

YOU AND WHAT
POSTULATE?

POLYGONS, ON THE
OTHER HAND, HAVE
STRAIGHT SIDES. WE
- (AN DIVIDE THEM
INTO TRIANGLES AND
USE ALL THE TOOL%
AT OUR DISPO%AL,
INCLUPING THE TRIG
FUNCTIONS.

o HERE'S A WEDGE OF A REGULAR N-SIDED POLYGON WITH
SIDE s. O 15 THE CENTER; V 15 ANY VERTEX; AND r 15
THE RADIUS OV. THE TRIANGLE'S APEX ANGLE 15 360°/N.
)
.
\" s
AN ALTITUPE OP OF s
AOVV’ BISECTS THE (Z) (1. 360°
< - sin (— -
CENTRAL ANGLE AND ro 2 N )
THE $IDE VV’ (AS
AOWV' 15 1505¢CELES). I, (’900)
THE SINE FUNCTION 2r N
RELATES THE RADIUS, .
THE HALF-ANGLE, AND s = 2rsin( 130 )
N

THE WALF-SIDE. v P vV

THE POLY6ON'S PERIMETER—THE DISTANCE P ALL THE WAY AROUND, OR
) THE $UM OF
ALL THE 5IDES—I5 NX's, AS ALL THE $IDES ARE THE SAME LENGTH.

P=N X2rsin(1iao)

16rsin(223°)

FOR INSTANCE, IN A REGULAR OCTAGON,
©=45° (260°/8), 6/2 = 22.5°, AND
FROM LAST CHAPTER’S EXERCISES,

50 ONE SIDE 15

20-3(V2-vZ ) = r(0.7653688)
AND THE PERIMETER 15 APPROXIMATELY

sin 22.5° = ( 2;‘/_2-)
z 8r(0.7653686) - 6.122949r



LET’S GROUP TERMS OF THE
PERIMETER FORMULA INTO
THO%E THAT PEPEND ON N
AND THOSE THAT DON'T.

WHAT ABOUT AREA? EACH TRIANGULAR WEDGE HAS
AREA A, = Ths, WHERE h I$ AN ALTITUDE. BUT

o % = rsin 19T0 h = rcos ——1iloo
P = (Zr)(Nsiano o
WHEN N 15 VERY LARGE AND THE POLYSON
TERMS CLOSELY RESEMBLES A CIRCLE, sin (180°/N) 15 A,=he 2g, 1807 180"
PEPENDING VERY SMALL, AND THE PRODUCT Nisin(180°/N) 2 NN

ON N 15.. A SMALL NUMBER TIMES A LARGE ONE. WHAT

15 IT? LET'S PUT OUR CALCULATOR TO USE. AND THE POLY6ON'S TOTAL AREA 4

15 N OF THESE:
‘ 5/2
180° . 180° . 180° THE NUMBERS IN THE
N SN Nsin =3 LAST COLUMN APPROACH 0o° 180
A LIMT SLIGHTLY MORE A = N4, = r*Nsin 2 cos
12 | 15° 0.256819.. 31058285..  THAN 3.14159245, A N N

NUMBER FAMILIAR TO

50 | 34° 0.06279... 3.129525... MANY OF YOU A%
180 | 1° 0.01745... 3.14143315...
1,800 | or° 0.001745... 3.141591065... —
180,000 | 0.001° | 0.00001745%... | 3.14159245... LETTER Pl ) )
WHEN N 15 VERY LARGE, Nsin(180°%/N) A4 = 2Nsin 18D 5180
APPROACHES T, AS WE SAW. MEANWHILE N N
cos (180°/N) NEARS 1 BECAUSE h BECOMES 7’ 7’
AND WE CONCLUDE, BY SOME MYSTERIOUS PROCESS OF “PASSING TO THE LIMIT,” THAT C, “ALL BUT EQUAL TO” r. IN SHORT—
THE CIRCUMFERENCE OF A CIRCLE OF RADIUS r, 15 m 1

wEkLD YOU'VE e AND T THOUGHT THAT HEY, WHERE DO
HEARD IT... AND disahe P FORMULA DROPPED @ YOU THINK THE
NOW—MAYBE—YOU N : B e FROM HEAVEN... TRIG FUNCTIONS
BETTER! b & oy e

Excerpts from Gonick, Larry (2024). The Cartoon
Guide to Geometry. New York, NY. Harper Collins.
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