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Rational Functions

THESE ARE FUNCTIONS GIVEN
BY RATIO% OF POLYNOMIALS

_ PCo

NO,
RATIONAL.
T QM)

R(x)

THEY ARE DEFINED WHEREVER
Q(x) # O. FOR EXAMPLE,

2
9x +1
R(x)=ix;x_+_’x$a—16 y = :1
x*+16 x2-
Tx) = x , X #+ 1 ,
x%-1

WE HAVE THREE THINGS TO SAY ABOUT RATIONAL FUNCTIONS. FIRST 15 THAT YOU (AN SKIP
THIS SECTION AND HEAD FOR PAGE 29 IF YOU WANT TO...

SECOND, WE CAN ASSUME THAT P HAS LOWER DEGREE THAN Q. IF IT DOESN'T, YOU ¢CAN PO
LONG DIVISION OF POLYNOMIALS* TO MAKE P/Q@ LOOK LIKE

R()
Py + EX)
T

HA! THOSE PAGE-
SKIPPERS ARE 6OING
TO MISS THE FIRST
TURNS OF THE

WHERE P, 15 A POLYNOMIAL, ALGEBRA CRANK!

AND R, THE REMAINDER, 15 A
POLYNOMIAL WITH DEGREE
LOWER THAN THAT OF @.

“IF YOU'VE NEVER DONE LONG DIVISION OF POLYNOMIALS, IT'S JUST LIKE LONG DIVISION OF NUMBERS,
ONLY EASIER. LOOK IT UP SOMEWHERE; YOU'LL LIKE IT!

THIRD, ANY RATIONAL FUNCTION ¢AN BE
WRITTEN AS A SUM OF SIMPLER “PARTIAL
FRACTIONS” OF THESE TWO KINDS:

a bx+c

(x+p)" P rgxer)”’

WHERE a, b, ¢, p, g, AND r ARE CON-
STANTS, AND n AND m ARE POSITIVE
INTEGERS. IN OTHER WORDS, THE
PENOMINATORS ARE POWERS OF FIRST-
OR SECOND-DEGREE POLYNOMIALS.

THIS BECOMES USEFUL
LATER, WHEN WE PO
INTEGRATION.

FINDING THESE CONSTANTS CAN BE MESSY
IN PRACTICE—FOR STARTERS, YOU HAVE TO
FACTOR @(x)—BUT HERE ARE TWO
EXAMPLES TO SHOW HOW IT WORKS.

53 NOW LET’S PUT
Example: suerose | how Lers pU
x MOTION...
F() = 3
(x-1)

FIRST WRITE IT AS

()5

THE FIRST FACTOR CAN BE REDUCED BY LONG
DIVISION:

() - 2k

PLUGGING THAT IN AND EXPANDING GIVES

1 1y 1
(25 ”)(x_-'i) St %

JUST AS PROMISED—NOTHING BUT CONSTANTS
IN THE NUMERATORS OF FRACTIONS WITH
DENOMINATORS OF THE FORM (x+p)".

Excerpts from Gonick, Larry (2012). The Cartoon
Guide to Calculus. New York, NY. Harper Collins.
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Example:

THE FIRST $TEP 15 ALWAYS TO FACTOR THE
DENOMINATOR. RECALL FROM ALGEBRA:

X+rl= x+ NE-x+1).

NOW, ASSUME THERE 15 AN ANSWER.

ALWAYS A
600D IDEA
IN ALGEBRA!

IT WOULD LOOK LIKE THIS:

-2x*+7x-3 _ Ax +B N 4

X+ (xZ-x+1) x+1

WE WISH TO SOLVE FOR A, B, AND C.
COMBINING THE FRACTIONS ON THE RIGHT
PROPUCES THIS NUMERATOR:

A+O)x* + (A+B-O)x + B+ ()

THIS BEING THE SAME AS THE NUMERATOR OF
THE ORIGINAL FRACTION, WE MUST HAVE

A+l = -2
A+B-C =7
B+C=-3%

THESE ARE THREE EQUATIONS IN
THREE UNKNOWNS. WE PO SOME
ALGEBRA AND FIND...

A=2,B=1,MpC =-4, %0:

YOU (AN CHECK THE ANSWER BY
ADDING TOGETHER THESE FRACTIONS,
WHICH SHOULD COMBINE TO GIVE THE
ORIGINAL FUNCTION.

AND NOW FOR SOMETHING YOU WON'T
WANT TO MI$5... THIS NEXT FUNCTION
WILL REALLY GROW ON YOU...

Excerpts from Gonick, Larry (2012). The Cartoon
Guide to Calculus. New York, NY. Harper Collins.

Exponential Functions

EXPONENTIAL FUNCTIONS ARE
GIVEN BY FORMULAS LIKE THIS:

f(x) = a*

NOT IF I ¢AN HELP IT!
WE’RE HAVING RABBIT
STEW TONIGHT...

HERE THE “BASE” a 15 FIXED,
AND THE EXPONENT X VARIES.
BY CONVENTION, WE ASSUME
a > 1. THESE FUNCTIONS
DESCRIBE CERTAIN KINDS OF
GROWTH (POPULATION
INCREASE, FOR EXAMPLE).

AMONG ALL POSSIBLE BASES a, MATHEMATICIANS SINGLE OUT ONE A% ESPECIALLY “NATURAL.”
THIS NUMBER, KNOWN A5 @, HAS A DECIMAL EXPANSION THAT BEGINS LIKE THIS:

2.71828182845904523536028747125266249775724709%6999595 749669676 2772407663
0%53547594571382178525166427427466%919220032059921817413596629043572900%%4
2952605956307%812232862794349076323%%829880753%1952510190115738241879307021
540891499%4884167509244761460668082264800168477411853742345442437107539077
7449920695517027618%86062613313845830007520449%3826560297606737113200709%
28709127443747047230696977209%101416928%68190255151086574637721112523897844
2505695%6967707854499699679468644549059879%163688923009879312772617821542
4999229576%5148220826989519%6680%318252886929849644510582093923982948879
33203%625094431173012281970684161403970198376793206832823764648042953118023
28782509819455815301756717%6133220698112509961818815930416903515988885193458
O72738667%85894228792284998920868058257492796104841984443634632449684875
60233%624827041978623220900216099023530434699418491463140934
315209618%69088870701676839642437814059271456354906130 MORE OR
157477041718986106873969655212671546889570350%2540212340 LESS...
2100562788023519303%3224745015853290473041995777709%5036505TA b
87696640%55570716226844716256079882465178712419512466520103059212366771943%2
5278675%985589448969709640975459185695638023637016211204 ’ 77427228
36489613422516445078182442352948626372141740238893441247 T‘ i 96357437
0263755294448337998016125492278509257782562092622648%2 ' 62779%%3%
865664816277251640191059004916449982893150566047258027 7863186415519
5653244258698294695920801915298721172556347546396 44791 01459040905
862984967912874068705048958586T17479854667757573205681 8845920541
33405%922000113786300945560688166740016984205580403%%
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