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WE CAN SEE WHY @ |5 NATURAL BY THINKING
ABOUT COMPOUND INTEREST. IMAGINE A
GENEROUS BANK (!) 15 PAYING ANNUAL INTEREST
OF 100% ON YOUR SAVINGS ACCOUNT.

IF YOU START WITH $1, AT THE END OF THE
YEAR YOUR ACCOUNT WOULD HAVE DOUBLED
TO $2. PRETTY 600D!

$1 + 100%-($1) = $2

BUT NOT 600D ENOUGH, YOU COMPLAIN: YOU
WANT YOUR INTEREST COMPOUNPED MORE
OFTEN. YOU ASK THE BANK TO APP ON 50%
EVERY SIX MONTHS (100% PER YEAR TIMES WALF
A YEAR), FOR THIS YEAR-END DOLLAR TOTAL:

A+ P+ 30+ =225

NOW YOU PO A LITTLE ARITHMETIC: YOU
NOTICE THAT

1 1 1y _ 142
(1+§)+-1'(1+§)—(1+2)
AND THE NEXT TIME INTEREST 15 ADDED, YOUR

DOLLAR TOTAL WiLL BE (1 + )% NexT Time
A+ P next e (1« 7.

SIMILARLY, IF YOU COMPOUND PAYMENTS TOTAL AFTER
AT 100% THREE TIMES A PER YEAR 1 YEAR THE TOTAL
YEAR, YOUR TOTAL AFTER ONE APPEARS TO BE
YEAR (THREE PAYMENTS) 15 1 asn - %2 APPROACHING e
$0+ 57 2 aA+d? = 3225
IF COMPOUNDED n TIMES 3 a3’ = $237
PER YEAR, YOUR YEAR-END 144 .
AL oL a 4 a+hH $2.44
5 A+ = $2.49
$0+ D7
100 A+2)'° = $2.705..

AND YOU DECIDE TO FIND OUT
JUST HOW MUCH MONEY THIS 1000
WOULD BE! USING YOUR
CALCULATOR, YOU FIND:

A+ 5509 = $2.718...

Excerpts from Gonick, Larry (2012). The Cartoon
Guide to Calculus. New York, NY. Harper Collins.

IF n 15 VERY, VERY LARGE, YOU (AN THINK OF YOUR MONEY AS BEING COMPOUNDED
CONTINUOUSLY, ALL THE TIME. IN THAT CASE, YOUR TOTAL BALANCE AT THE END
OF ONE YEAR WOULD BE EXACTLY @ DOLLARS.

ONE, TWO, TWO SEVENTY,
TWO SEVENTY-ONE, TWO
SEVENTY-ONE AND EIGHT
TENTHS...

THE NUMBER @ 15 NATURAL BECAUSE CONTINUOUS COMPOUNDING 15 NATURAL: IT DOESN'T

DEPEND ON ANY PARTICULAR UNIT OF TIME.

WHAT’S 50
SPECIAL ABOUT
A YEAR?

THIS ALSO SHOWS THAT e IS THE MOST YOU CAN PO5SIBLY MAKE IN A YEAR FROM
ONE DOLLAR AT 100% INTEREST!

HEY! THERE'S ONLY
$2.7182818284590452

uere! I'VE BEEN
SHORTCHANGED!!




WE CAN USE THE FORMULA (1 +1)" TO CALCULATE e.

EXPONENTIAL FUNCTIONS GROW RAPIDLY WITH x.
ALGEBRA TELLS U5 WE CAN EXPAND THAT BINOMIAL A%

f(x) = 2% FOR EXAMPLE, DOUBLES EVERY TIME
X INCREASES BY 1: _ @

1 n(-1 1 n(n-N(n-2) 1 n(n-1N(n-2)(n-2) 1
1+n(——)+ =t i T bt

1
2 n 123 n 1234 n n Faee) = 271 = 2%2' = 2(2% = 2500

@* GROWS EVEN FASTER, AS YOU CAN EASILY
CALCULATE. A POWER FUNCTION LIKE g(x) = x2,
BY COMPARISON, FALLS FAR BEMIND.

WHEN n 15 VERY LARGE, THE FRACTIONS
(n-1)/n, (n-2)/n, ETC. ARE VERY NEARLY
EQUAL TO 1, 50 THE EARLY TERMS ARE
VERY NEARLY

[
X 2
Tele v St ht g+ X e x @
! o 1.0 fo)
WHERE, IF m 15 ANY INTEGER, m! MEANS

THE PRODUCT 1:2°3- ... ‘m. 1 2.7183%... 1 @
2 | 7389.. 4
NOW IF WE IMAGINE n 6ROWING “TO ©00,” WE CAN CONCLUDE THAT e IS GIVEN BY A SUM 3 | 20.085.. 9
WITH AN INFINITE NUMBER OF TERMS: 4 | s54.40.. 16
5 | 148.41... 25

- LAY U . 1 .

e=l+l+g+g+qtgt+t ..+t 6 | 40343. | 36
! 7 1096.43... 49
AND 40, IN FACT, IT 15. 8 | 298094..| b4

400 -
‘ IF @ 15 THE NUMBER WITH e“=2
SIGH... WHAT A HOW COME YOU | gEraUSE OF THIS NUMBER'S (a = 0.69%, AS YOU (AN CHECK ON
BEAUTIFUL, BEAUTIFUL NEVER SAY SPECIAL, NATURAL STATUS, FROM AN x
FORMULA. THAT TO ME...? NOW ON WE WILL REFER TO THE YOUR CALCULATOR), THEN e”™ pOUBLES
FUNCTION @Xp, DEFINED BY 300 .| WHENEVER x INCREASES BY a:

} e(xw) = e*e? = 2e*

exp(x) = e*

AND IN PARTICULAR,
A5 THE EXPONENTIAL FUNCTION. e = (e = 2"
& 15 THE SUM YOU WOULD HAVE
AFTER X YEARS IF ONE DOLLAR
WERE COMPOUNDED CONTINUOUSLY
AT 100% PER YEAR.

Excerpts from Gonick, Larry (2012). The Cartoon
Guide to Calculus. New York, NY. Harper Collins.
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